Chapter 7 Trigonometric Identities and Equations

7-1 | Basic Trigonometric Identities

3. tanf =

Page 427 Check for Understanding

. Sample answer: x = 45°

2. Pythagorean identities are derived by applying

the Pythagorean Theorem to a right triangle. The
opposite angle identities are so named because —A
is the opposite of A.

1
‘cot 87 cot § =

1+ cot? § = esc? 0
sin (—A)

cos f
tan g sin @

= cot 6,

4. tan(=4) = "4

—sin A
cos A

sind

TeosA

= —tan A

5. Rosalinda is correct; there may be other values for

which the equation is not true.

6. Sample answer: § = 0°

sinf + cos @ X tan @
sin 0° + cos 0° X tan 0°
0+120
1#0

7. Sample answer: x = 45°

sec?x +escZx 21
sec? 45° + cse? 45° 2 1

Vo2 + (v22zz1

24227
4+1
1
8.sectl =5 9. tan @ = cuta
1 1
secf =72 tan8=@
3 _
2
secﬂ=% tanB=—%
tanﬂ=—2T\/5

10. sin? 0 + cos2 =1

1
(—g)z +cos?0=1
2*15 +cosZf=1

24

VA

cos® 0 = 5
2V6
cos@=+—

2\/%
Quadrant 11T, so —

11. tan%6 + 1 = sec? @

(_1)2 +1 =sec?9
16

1 = gec? §
85 _ 2
49 = sec” 0
V65

+7=sec6

Quadrant IV, so \/775

Tar T
12. =2+
7
cos ?ﬁ = cos (2'17 +-§)

— A
=C087g

13. —330° = —360° + 30°
1
ese (—330°) = oizaa0n (3309
1:
= 'sin (—360° + 30%)
1

" sin 30°
= cse 30°
csc sin 8
14. cotp ~ cosb
sin §
__1 sin @
" sin@ cosf
i
~ cosd
=secl

15 ¢ _ ( 1 )(sinx)
. COB X CB8C X tan x = COos X| sin g\ cosx
=1

16. cos x cot x + sinx = cos x (Slix) + sin x
cos2x
= Smx + sin x
cos? x + sin x
sinx
1
sin x

=cscx
17. p=fel
BIf = Fescf I
F=is
F = Blt(=)
F = Bl{sin 8 .
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18. Sample answer: 45°

sin @ cos 8 X cot @

sin 45° cos 45° ; cot 45°
(2)F) 21
571

19. Sample answer: 45°

sec 0 5 |
—_—
tan g = SI 0

sec 45° +
tan 45° — Sin 45° '

Ik~

V3
1
V2 #

olgels
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20. Sample answer: 30°

T i 3 COBX
seccx— 1 L %
2 {- - ?w
sec* 30 12 a0
V3

2 2
(2\/3) g
3 = 2
12 Vs

g ~1& 73

1, V3

37 4

21. Sample answer: 30°
sinx+cosx X1

sin 30° + cos 30° L 1

%+1§71

1+\f?&1

22. Sample answer: 0°
sinytany X cosy
sin 0° tan 0° X cos 0°
0-011
0+#1
23. Sample answer: 45°
tan? A + cot? A 2
tan? 45° + cot? 45° 2
1+12
2

24. Sample answer: 0
cos (19 +%) #cosf + cos%

¥
1
1
I

o

cos (0 +%)#:cosO+cos:‘21

w m
cos 5 F cos 0 +cosy

0#1+0
0+#1
25. csc 0 = 5og 26. cot 0 =
1
cscf = 5 cot =
3
5
cscf =5 cotd =
cot 0 =
27, in2 6 + cos 0 = 1
2
(%) +cos?20 =1
Tlﬁ-+coszﬂ=1
2 5
cos® 0 = 74
cos&=i%
Quadrant I, so %
28. sin? 0 + cos? 02 1
sm26+( 2)=1
sin0+ 3 =1
sin26=%\f
sin8=tT5

5
Quadrant II, so 3~
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29. 1 + cot? @ = csc? 8
2
1+cot? = (@)

1+cot249#ll

m\m ©

cot? 9 =

c0t3=_%

Quadrant II, so — V2

3
30. tan®6 + 1 = sec? 0
2
2 ()
tan 8+1w( 4)
tan29+1=%

29 =9

tan“ f = 16

tan @ = i
Quadrant II, so 8

4
31. sin26 +cos20=1

2

(—%) +cos?f=1
1 2
g teos*f=1

cos? 0 = %
cosf = = 2TV§
Quadrant 11T, so cos 8 = _gg
__ siné
tan 6 = —
1
tan @ = Vs
’ Va2
S I Ve
tan @ - or :
32. tan20 + 1 = sec? 6
2)” 4 1 = sec?f
3 = gec
%+ 1 =sec?f
13 o2
g — sec (]
i\/,?= gec
Quadrant 111, so sec § = —%”
_ 1
cos 6 = sec
cos f = 1
-V13
3
cosf = ——— or _3Vi3
Vi3 13
33. cos 0 = —5 sin? 0 + cos20 = 1
1 . S8
cosf = — sm20+(—?) =
5 sin? @ + % =1
5
cosf = —= .
B sin“ 6 = i
sinf = £ ==

Quadrant III, so — 27\/6

2\/?5




20. Sample answer: 30°
cos X

2p0—12
secéx— 12

9 3 cos 30°
sec30° — 1 X oo
WE]
2V3 \2 A
(5) -125
12, M8
9 =4
V3
4

3
21. Sample answer: 30°
sinx +cosx 21

sin 30° + cos 30° L 1

1., Vs
|

1 +2\/§ +1
22. Sample answer: 0°
ginytany X cosy
sin 0° tan 0° X cos 0°
0-021
0+#1
23. Sample answer: 45°
tan? A + cot2A 2 1
tan? 45° + cot? 45° 2 1
L L2 1
2#1
24. Sample answer: 0

cos(B%—g)#cosH—Fcos%
cos(0+%)¢coso+cos%

™ m
cosg#cosﬂ+cos§

0+1+4+0
0+1
25. csc = = 26. cot 0 =
cscf = 5 cot @ =
5
5
cscfl = cot 8 =
cot§ =
27. sin20 + cos26 =1
2
(%) +cos?2f@ =1
%+00529=1
24158
cos 6—16\/_
(:osﬂ=thlé
Quadrant I, so @
28, sin26 + cos20 =1
g 2\2_
sin“ 6 + —3)—1
sin29+%:1
sin26=%
sinﬂzi%

Vs
Quadrant I, so 73~
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29.

30.

31.

32.

33.

1+ cot? § = csc? @
2 o - (VII)2
1 + cot B‘(a)

lJrcot‘?6=19l

cot? § = %
cotf = * %
Quadrant I, so — —\3@

tan? 0 + 1 = sec? 9

tan2g + 1= (-5)°

tan20 + 1 =22
tanZ 0 = %
tan f = t%

Quadrant II, so —%
sin? 0 + cos? 0 =1

(B} s om
_§) +cos“f =1
% +cos20=1

c0520=%
cosﬂ:i%\/ﬁ
Quadrant I1L, so cos § = —2)2
_ sind
’samﬁéwSa
tan 0 = _2_\/-_2
’ Ve
L Va
tan 0 = - or :
tan?@ + 1 = sec2 9
(g)z +1=sgecZf
= =
%Jrl:seczﬂ
183 . g
5 — sec 0
i%i:secﬂ
Quadrant III, so sec § = —%‘J‘
_ 1
cosﬁ——sece
1
cos 0 = -
3
cos = ——— 01-——3\/ﬁ
Vi3 13
cos 0 = seie sin? 0 + cos?6 =1
1 - 5)% _
COSG:—T 81n26+(—?) =1
B Sin26+%—1
0= : ‘ 24
cos = —2 s o
1 sin® f = s
sin f = 127\/6
Quadrant ITI, so — 27\@

84. sec f = L tan2 6 + 1 = sec? 6
tan24 + 1 =82

Q

Secﬂ:‘}‘ tan26+1:64
3 tan® 0 = 63
tan @ = + 3V7
sec = 8
Quadrant IV, so -3V7
" 1
35. 1+ cot2@ = csc?0 sind = -5
1
2
4 — 2 . L T
1+\—3) =csc2f sinf= _5
(-9
16 _ o2 inf = —3
1+?—csc 0 sin f = 5
?5=csc20
i%=cscﬂ

Quadrant IV, so —%

36. 1 + cot? 0 = csc? 0
1+ (—8)% =csc? 0

1+ 64 =csc20
65 = csc? 6
+V65 = cscf
Quadrant IV, so —V 65
37. secd = (:0116 sin2 0 + cos? 8 =1
2
= sin? g+ (-23) =1
gsecf = Y 4
4 sin? @ + 1—3;5 =1
- Y 4V3 .
secf = —Jzor —5° sz‘g:%
ginf = =
Quadrant II, so @
__sinf
tan 6 = el
Via
anf = Vs
4
V13 /39
tan9=——30r——3- Y )
4V3)* (Va9
sec®A — tan®A  _ ( 3 ) ( 3 )
2sin? A + 2co0s? A 2(@)2 4 2(_%)2
48 _ 39
_ 9 9
13 3
2(12) + 2(2)
9
_ 92
"]
1
1
2
38. 390° = 360° + 30°
sin 390° = sin (360° + 30°)
= sin 30°
27w _ 3 .
39. T = 3w + ?
cos ZTT"T = cos (311 + %"1)
= —cos ST'"

Vi3

4

41.

42

43.

44,

45, —

46.

417.

19w m
5 —2@m -5
. 19w
W
5 197
cos 5
. v
sin (2(217) = '5‘)
S m
cos (2(2«) = g)
S
_ sin
n
cos ¢
m
= —tanj
107 i
=5 =3m+3
10w 1
csc—5-= . 10w
sin —3—
1
= . w
sin (311' + -3-)
1
—. e E
sin 3
e .
= —cscy

—1290° = —7(180°) — 30°

1
sec (—=1290°) = - Cizeon

1
" cos (—7(180°% — 30°%)
s |

~ —cos 30°
= —sec 30°
—660° = —2(360°) + 60°
) o _ cos (—6607)
cot (—660°) = - (Z660°)
_ cos (—2(360°) + 60°)
= sin (—2(360°) + 60°)
__ cos 60°
" sin 60°
= cot 60°
1
See cosx
tanx  Snx
cosx
—
T sinx
=CsC X
cos
cot 0 sin 8
7=
o8 cos 0
_ 1
~ siné
=cscl
sin(@+u)  —sinf
cos (@ —m) ~ —cosl
= tan 0§

(sin x + cos x)2 + (sin x — cos x)2
= gin? x + 2sin x cos x + cos? x + sin? x
— 2sin x cos x + cos? x
= 2sin? x + 2 cos?® x
= 2(sin? x + cos? x)
=2
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48. & 5= g 1 )(cosx)
. 8111 X COS X SeC X COt X = SIn X cOos cos x/\sin x

= Ccos8 X

sin x
cos X

€08 X
sinx

) + sin x(
=sinx + cos x
50. (1 + cos 6)(csc 0 — cot 6) = (1 + cos 6)(

= (1 + cos 8)(
_1-—cos?f
~  sin#
B sin? §
" sind
_ = gin f
51. 1 + cot? § — cos? § — cos? 6 cot2 §
=1+ cot? § — cos? 4(1 + cot? 6)
= csc? @ — cos? f(esc? )
= csc? (1 — cos? 0)
= esc? O(sin? 6)
; g,
sin? B(Sln2 0)
=1
sin x
1+cosx

49, cos xtan x + sin x cot x = cosx'(

1 cos 0)
sin 0 sin 6
1 — cos ﬂ)

sin 6

sin x
1-cosx
sinx — sin x cos x
1—cos?x

52.

sin x + sin x cos x
2%

1 — cos’
_ _2sinx

T 1-cos?x

_ 2sinx

T sin?x
_ 2
~ sinx

= Zesc x

53. cos? o + 2cos? @ sin? o + sin? o = (cos? a + sin? )2
=120or1

54. I=1, cos? §

0=1I, cosZ 0

0 =cos? 0

0 =cosé
cosTl0 =9

90° =4

Let (x, y) be the point where the terminal side of
A intersects the unit circle when A is in standard
position. When A is reflected about the x-axis to
obtain —A, the y-coordinate is multiplied by —1,
but the x-coordinate is unchanged. So,
sin (—4) = —y = — sin A and
cos (—A) = x = cos A.

y

55.

(% y)
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I
eAs = Wsecf
eds
sech w

W = eAs cos

56b. W= eAs cos @ :
W = 0.80(0.75)(1000) cos 40°
W = 459.6266659
459.63 W
57. Fjy—mgcosf =0
Fy=mgcosf
mgsind — 'y =0
mg sin 0 — u,(mg cos ) = 0

pp{mg cos 8) = mg sin §

_ mgsind

HE = mgcose
__ sing

Pe = cost

pp = tan @

58.

| af

L
360° _ 180° _ 2 __a_ _a
0=y = n tanf= 3", 80 h = 5,5 = cot §.

The area of the isosceles triangle is %(a)(% cot %)

a? 180° ;
= cot ( n ) There are n such triangles, so
1so°)
s

59. YA L
A B_/;

E

1
A = Jna? cot (

secf = % = % = CO. AEOF ~ AOBA, so
= A -BA_ A Thencoto =2 -9 _py
Also by similar triangles, % = %, or E%«“ = %_
Thencsct?:ﬁ—ﬁ—%— OB.

60. Cos™! (—%E-) = 135°




